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Prologue：
Paradigms in Condensed Matter Physics



The Search for New States/Phases of Matter

Crystal: Broken 
translational symmetry

Magnet: Broken 
rotational symmetry

Superconductor: Broken 
gauge symmetry

The search for new elements led to a golden age of chemistry.

The search for new particles led to the golden age of particle physics.

Now in a golden age of condensed matter physics, we ask:  
what are the possible fundamental states of matter?

(Known in 
early  20th

century ) 



Landau-Ginzburg-Wilson  Paradigm (CMT)
• Classical Phase Transitions: 
 Associated with symmetry breaking
 Characterized by local order parameter(s) 
 Disorder-Order Transition driven by thermal fluctuations

Examples: superfluids, ferromagnetism, superconductivity 
• Landau-Fermi Liquid Theory:
 Quasi-particles are fermions (existence of Fermi surface) 
 Quasiparticles have same charge and spin (quantum numbers) as electrons
 Electron interactions incorporated in energy as 

functional  of quasiparticle occupation number 
(quasiparticle energy and Landau parameters)

Examples: Helium 3, many metals etc
• Common Feature:  Can be understood by Renormalization Group Flow Fixed           

Points  (Wilson  & Shankar) 



Topological Order: Beyond the Landau Paradigm

• Novel phases at T=0 due to quantum effects (quantum matter) 
• No symmetry breaking,  no local order parameter(s)
• Characterized by a topological number
• Robust against weak disorders and interactions
• Correspondence between bulk and edge (in 2d) /surface (in 3d) 
• Topology-dependent ground state degeneracy
• Fractionalization of quantum numbers (of quasiparticles) 
• Fractional (exchange and exclusion) statistics of quasiparticles 
• Intricate interplay between symmetries and topological orders  

• Examples: quantum Hall effect, Mott insulators, quantum spin Hall effect, 
quantum spin liquids,topological insulators/superconductors, Dirac/Weyl semi-
metals, connection w/ fundamental Physics etc



Respondence to Professor Wen’s Classes 

• Class 1:  Symmetry Breaking in T=0 Quantum Phase Transition 
(with the example of the 1d Transverse Ising Model) 

• Class 2:  Topological Order (beyond Landau’s paradigm) 
(in the context of String-Net Models)  



A Primer of Topology  





Surface of Orange, Mug and Pretzel  



Surface of Orange, Mug and Pretzel  

Topology: Properties unchanged under continuous deformations 



Surface of Orange, Mug and Pretzel  

How to describe and characterize topological  differences
between these three things?  



Königsberg Seven Bridge Problem

[source: MacTutor History of Mathematics Archive]

Problem:   

Is it  possible for a walker 
to go through all several 
bridges only once and to 
return to the starting 
position? 



Euler’s Solution of the Seven Bridge Problem

Impossible! Because each 
vertex is connected to an 
odd number of links.  Credit: Aiden Ball 

Swistzland Stamp  (2207) 



Euler Characteristics  for  Polyhedra

Actually true for any Convex/Spherical polyhedra! 

(Credit: Wikipedia)

χ(M) V-E+F  (M: 2d closed surface)

≡



Gauss-Bonnet Theorem 

where               M:  2d closed surface 
K:  Gauss Curvature , genus (# handles) 



Ideas inspired by this Line of Thoughts 

• Discrete approach can be Exact for Topology of a Continuous Object  
(Combinatoric Topology) 

• Bulk-Boundary Relationship plays a Central role in Topology 
(Homology)  

• Topological Inumbrer/nvariant can be expressed as an Integral
(Differential Topology: Cohomology and Homotopy) 

Integral Calculus is Important in Curved Manifold without Metric



Winding Numbers  I  (           )

Contour integral in  

complex analysis



Winding Number   II  (          )















Stokes’ Theorem in 3 dimensions
For 0-form                                   ,  then  1-form                               

For 1-form          , we have two possible derivations 
Curl (2-form) :                                             ,   
Dual (2-form):  
Divergence (0-form):     

Stokes Theorem unifies the usual  Green’s, Stokes’s and Gausss’s
Theorems:  
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Problems 
1.  Given α = 2yzdx + dy + xyzdz, β = sinxdx + cosydy,  

compute  (1) α β,  and (2) dα. 

2. Given α and β as given above, explicitly compute (3) d(dα) and (4) d(α β). 

3. If further γ = 3 dx+(                        )dy+5     dz,  compute α β γ =?  

4. Consider a 2-sphere ,   described by                                   . 
Show that its surface  element is given by β = xdy dz + ydz dx + zdx dy. 
Hint:  Use the polar coordinates:   x = sinθcosφ, y = sinθsinφ, z = cosθ. 

prove that  β = sinθdθ dφ, dβ = 3dx dy dz. 



End


